Graphene consists in a single-layer carbon crystal where 2p z electrons display a linear dispersion relation in the vicinity of the Fermi level, conveniently described by a massless Dirac equation in 2+1 spacetime. Spin-orbit effects open a gap in the band structure and offer perspectives for the manipulation of the conducting electrons spin. Ways to manipulate spin-orbit couplings in graphene have been generally assessed by proximity effects to metals that do not compromise the mobility of the unperturbed system and are likely to induce strain in the graphene layer. In this work we explore the U(1) × SU(2) gauge fields that result from the uniform stretching of a graphene sheet under a perpendicular electric field. Considering such deformations is particularly relevant due to the counter-intuitive enhancement of the Rashba coupling between 30-50% for small bond deformations well known from tight-binding and DFT calculations. We report the accessible changes that can be operated in the band structure in the vicinity of the K points as a function of the deformation strength and direction.
Introduction
Modifying the interactions present or lacking in graphene has been a topic of continued interest since perturbations by, e.g., proximity effects [1] , can generate gaps [2, 3] for semiconducting properties, spin splitting for spintronic effects [4, 5] , spin-orbit interactions for topologically protected edge currents [6] , spin alignment to induce anomalous Hall effects [7] and RKKY interactions [8] . Regarding spin-orbit (SO) interactions, the intrinsic contribution in graphene depends directly on the atomic SO coupling of carbon, we will first derive a uniform deformation field that will stretch and rotate the base graphene lattice. We will then derive the Hamiltonian corresponding to such deformations which can be mapped onto an equivalent U(1) and SU(2) gauge field theory [14] [15] [16] [17] [18] , once an expansion around the K point is performed. We then derive the energy spectrum of the problem as a function of the stretching intensity and the rotation angle. We find that a uniform strain can control both the formation of a substantial gap for strains less than 15% and modulate the chiral spin splitting of the band structure. The strain angle also controls the spin splitting, which becomes less sensitive to strain as the strain angle increases. Let us also mention a recent study that reported a spin filter/valley filter via strain induced Rashba SO interaction and magnetic barrier [19] .
Undeformed Hamiltonian in the vicinity of the K point
We are interested in the modification of graphene electronic properties due to sheet deformations which lead to changes in the hopping parameters within a tight-binding (TB) approach [20, 21] . This problem was elegantly addressed in the U(1) gauge theory context [22] . Here, we extend this analysis to include spin-orbit (SO) effects which can be enhanced due to in-plane deformations. We use the convention that one of the C−C bonds is chosen along the y direction of the lattice in such a way that the nearest neighbour lattice vectors, between A and B sublattices, are denoted as δ
The modulus of the nearest neighbour vectors is given by the C−C distance, | δ o i | = a/ 3 = 1.42 Å where a = 2.46 Å is the unit cell basis vector's modulus (see figure 1 ).
In the reciprocal space, the Brillouin zone (BZ) is hexagonal, with Dirac points at the edges, where the dispersion relation is linear. The coordinates K ζ of the two inequivalent Dirac points are labelled by a (valley) parameter ζ = ±1, K ζ = ζ(4π/3a, 0), and the vicinity of these Dirac points in momentum space is parameterized by the wave
In the continuum limit, the Hamiltonian follows from the expansion of the TB matrix elements in powers of p/ħ. If one only retains the kinetic energy (KE), the non-diagonal matrix elements describing the nearest neighbour (nn) hopping are given by
where the sum is over nn sites and the prefactor proportional to the hopping amplitude defines the Fermi velocity v F = 3at /2ħ with t = V ppπ , the hopping integral between p z clouds in graphene. The other non-diagonal matrix elements follow from complex conjugation, (H ) BA = (H ) *
AB
, and the diagonal elements (H ) AA = (H ) BB are chosen to be zero fixing the Fermi energy. The primitive cell Hamiltonian can be collected into the matrix expression (from now on, we will focus on the ζ = +1 valley without loss of generality) Since the hopping amplitudes t are themselves functions of the nearest neighbour distance (typically exponentially decaying functions of the distance), it is simpler and more transparent to model an arbitrary sheet deformation by a change in the hopping integrals t → t i [22, 23] . Here, we disregard bond angle effects on hopping integrals [24] which are important for electron-phonon coupling. The effect of deformations on the kinetic energy is well known, but its role in the spin-orbit interaction (SOI) have not been fully addressed. Here, we focus on the Rashba spin-orbit (RSO) interaction which is due to both the atomic SOI of graphene, and an externally applied electric field perpendicular to the graphene surface. The latter can be due to either a charge transfer to a nearby substrate or an applied gate voltage. For a perfect lattice, non-diagonal RSO amplitudes are given, in the TB approach, by terms of the form [25] (H R ) AB = −i 2
Here, assuming unstrained graphene λ R i ≡ λ R is a constant, having the dimensions of energy and ranges between 13 to 225 meV depending upon the substrate [11, [26] [27] [28] . s i are the dimensionless spin Pauli matrices. Taking into account the kinetic energy corrections due to the SOI, the Rashba Hamiltonian is then
in the vicinity of the K point. Contrary to equation (2.2), this expression has a 4×4 matrix structure, where σ σ σ i s j is a short notation for σ σ σ i ⊗ s j , hence, when compared to SOI, the purely kinetic term is implicitly multiplied by the identity matrix in spin space 1 1 1 s .
Gauge fields in the deformed graphene sheet Hamiltonian
Let us now consider that the graphene sheet is subjected to a uniform tension in the plane resulting in a tensile strain in a given direction, in the coordinate system x -y , oriented at an angle θ relative to the lattice coordinate system x-y. Such strain would induce a uniform deformation of the lattice (figure 2).
The deformation is characterized by the strain tensor in the x -y system. For a graphene sheet, the only nonzero deformations are xx and y y , so
where the uniaxial strain components are related to each other through the Poisson ratio σ by y y = −σ xx , with σ = 0.165 in graphite [29] [30] [31] . The strain tensor in the lattice coordinate system is given by = U † U , where the matrix elements of the rotation matrix
with {µ, ν} = 1, 2. The deformation induces a change in the nearest-neighbor lattice vectors δ o i as follows,
, with i = 1, 2, 3, leading to (in units of a o = a/ 3, i.e., all δ i 's to be understood as δ i /a o ),
where the strains are defined by
3) We use as a tunable parameter the uniaxial strain ε = xx . The deformations lead to a modification of the hopping amplitudes which decay exponentially with the nn atomic distance. For the case of the kinetic term one has
where β 3.37 [29, 32] . Starting from the TB expressions and allowing only for nn hopping amplitudes t i , with i = 1, 2, 3 according to the labeling of the n.n. vectors δ i , equation (2.1) for the kinetic energy
with
Both terms above vanish in the case of the undeformed graphene sheet. The notation suggests the introduction of an Abelian gauge field [22] 
The Rashba term also needs to be corrected to account for space dependent hopping amplitudes. However, the origin of the coupling between nearest neighbours is quite different, and arises via the atomic SOI and the Stark interaction (due to the external electric field). Within tight-binding approach, the Rashba parameter strength for the unstrained case is given to leading order by [12, 13] 
for each bond, where V spσ is the stretched hopping matrix element. By fitting the numerical values of the dependence on the lattice constant arising from the hopping parameter V spσ reported in [13] , we can thus model τ spσ i as a dimensionless ratio given by
where γ = 1.265 and κ = 1.642. For illustration, in figure 3 we plot the dependence of the hopping parameter t (ξ)/t and Rashba coupling strength λ R (ξ)/λ 
thus, the full Rashba Hamiltonian, to lowest order is expressed as
It is interesting to note that together with an asymmetric Rashba type of interaction, there also appears 
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As we have done in the case of the KE, we can introduce here non-Abelian gauge fields [33] to describe the effect of deformation on the SOI, namely write equation (3.14) as 
Altogether, the Hamiltonian that comprises the modified kinetic energy and the modified Rashba spin-orbit interaction may be written in terms of gauge fields as We note that the intrinsic spin-orbit contribution ∝ σ σ σ z s z which, being associated to next-nearest-neighbour hopping terms, is an order of magnitude lower so it can safely be neglected. Note that in contrast to [19, 23] we have a non-Abelian gauge field arising from the stretching of the lattice. In this work, stretching produces both changes in the velocity and in the spin couplings. We explicitly incorporate the change of the Rashba-parameter due to the lattice deformation, which is controlled by the decay of the hopping V spσ with the nn interatomic distance, while in [19] the Rashba parameter is just a constant in the strained region.
In conclusion, we have now a Hamiltonian to dominant order in δt /t and δτ spσ , changes that can be cast as an effective U(1) and as a SU(2) gauge potential, respectively. We will now exactly diagonalize this Hamiltonian in the previous approximation to see the effects on the band structure.
Effect of the sheet deformation on the band structure
The energy spectrum in the continuum limit for graphene with uniaxial deformations and Rashba spin-orbit interaction is described by the eigenvalues of the Hamiltonian (3.18). We first notice that due to the small factor δτ spσ , the terms W 
(4.2)
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In figure 4 we show the characteristic band dispersion as a function of pa (with p = p x = p y ) for different deformation strengths and for Rashba coupling λ 0 R = 0.0048t and θ = 0. The plot clearly shows that even for a rather small strain there is a shifting of the band structure. It varies with the orientation angle of the tension applied, not shown here. The presence of the strain opens a relatively large gap between the electron and hole bands and it can be significantly tuned by the strain. A similar behavior is shown in figure 5 and figure 6 where a larger Rashba SOI [λ 
Summary and conclusions
We have developed a model to describe the spectral effects of small in plane deformations on graphene, in the vicinity of the K points. We focus on the non-intuitive enhancement of the Rashba SOI due to the stretching of the sigma s-p overlaps between the A-B sublattices. The deformations considered involve both bond length and bond angle changes. The full Hamiltonian, to lowest order in the lattice momentum and deformation amplitude, taking into account both kinetic energy and spin-orbit coupling effects of deformations, can be cast into a convenient U(1) × SU(2) non-Abelian gauge formulation. We derive the analytical form for the energies as a function of the lattice momentum in the vicinity of the K points and its dependence on bond stretching amplitude and angle. Within reasonable lattice deformation strengths of at most 15%, we find that the electron/hole bands can be continuously modulated from a semimetal to a semiconductor, involving both shifts in the position and size of the band gap. We also observe how the chiral spin splitting energy can be controlled by changing bonds lengths and bond angles. The results found present an interesting prospect for spintronics application for graphene on deformable substrates or charge induced lattice stretching controlled by the gate voltages [34, 35] .
